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ERRATA
Page 34. The values in Columns 6 and 9 of Table 9 are incorrect,
and the following val ues should be used.
Group Column Column Group Column Column
No. 6 9 No. G 9
1 2340 1.68 6A 4140 1.00
2 3130 1.12 7 3550 1.20
3 4250 1.04 8 3460 1.25
4 5050 1.05 9 3570 1.23
5 5680 .99 .10 3080 1.09
G 3670 1.42 lOA 4120 1.08
The errors are not of sufficient magnitude to affect any conclusion
in the paper. Even the curves in Figures 21 and 22 are not affected
appreciably.
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COMPRESSIVE STRENGTH OF CONCRETE IN FLEXURE
.AS DETERMINED FROM TESTS OF REINFORCED BEAMS
BY WILLIS A. SLATER* AND niGE LYSEt
INTRODUCTION
1. General Statement. . The practice in designing reinforced
concrete beams in the United States has been shaped and con-
trolled largely by the recommendations of a Joint Committee on
Concrete and Reinforced Concrete appointed in 1903, which
made its final report in 1916. This Committee recommended
the straight line' formula for use in computation of working
stresses in reinforced concrete beams, that is, a formula which
assumes a constant modulus of elasticity. The working stress so
computed was fixed at a maximum of 32.5 per cent of the strength
of the concrete as determined from compression tests of 8 by
16-in. cylinders 28 days old. The recommended working stress
in the reinforcement was 16,000 lb. per sq. in. This combination
of stresses requires about 0.75 per cent reinforcement..
This recommendation is found in the 1909 and 1912 progress
reports and is repeated in the final report of 1916. It appears to
provide a·.factor of safety of approximately 3 for compressive
stresses and 2.5 for tensile stresses. Test beams proportioned to
meet these conditions have always failed in tension in the rein-
forcement with a factor of safety between 2.5 and 3.0t However,
tests on beams with sufficient reinforcement to develop compres-
sion failure have shown factors of safety ranging approximately
from 4 to 8, but with the majority of cases above 5 when judged
on the basis of working stress in the concrete of 32.5 per cent of the
cylinder strength.
Such conservative stresses were proper for the design of earlier
days and in many cases may still. be proper. However, two
*Direetor of Fritz Engineering Laboratory, Lehigh University.
tAssistant Engineer. Portland Cement Association, Chicago.
tWestergaard and Slater, "'Moments and Stresses in Slabs." Proceedinus, American Concrete
Institute, Vol. 17, page 415,1921.
(1)
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important results have followed the adherence, to these working
stresses computed from the straight line formula~ Many de-
signers appear to have lost sight of the facts that (a) the com-
pressive stresses in reinforced 'concrete beams computed by the
straight line formula for loads near the maximum generally are
considerably greater than the compressive strength of the control
cylinders, and (b) that it is sometimes desirable and permissible
to use a larger percentage of reinforcement than that which will,
give a computed stress in the concrete of 32.5 per cent of the
cylinder strength, simultaneously with 16,000 lb. per sq. in. in
the steel.
With the improvement gained in recent years in our knowl-
edge of the properties of concrete and control of its quality, it is
desirable to make modification in the relation between the com-
puted compressive stresses and the compute,d tensile stresses,
which will result in utilizing both materials (concrete and steel)
economically. The fact that among the thousands of beams
tested in laboratory investigations only a very small percentage
have failed in compression indicates that in general more steel
is required to utilize the strength of the concrete sufficiently.
In the 1921 and the 1924 reports of the Joint Committee on
Standard, Specifications for Concrete and Reinforced Concrete
the maximum working stress for concrete in flexure was raised
to 40 percent of the cylinder strength. This working stress,
however, has not been universally accepted.
This investigation was planned to determine the relation
between the compressive strength of 6 by 12-in. control cylinders
and the strength of the same concrete computed from beam
tests in which the concrete failed in compression. The investiga-
tion included two series of tests, one in which with beams of equal
dimensions the .cylinder strength of the concrete ranged from
about 1400 to 5800 lb. per sq. in. and another series in which for
two different strengths of concrete (2800 and 4000 lb. per sq. in.)
the total depth of the beams varied from 6 to 17 inches. A large
enough percentage of reinforcement was used in all cases to
insure that failure would not occur in tension of the longitudinal
reinforcement. Web reinforcement was,used to guard against
tension failure of the web. Thus it was intended to eliminate all
causes of failure except compression.
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,·This investigation was carried out in the Fritz Engineering
Laboratory of Lehigh University, Bethlehem, Pennsylvania,
from January to March 1930.
2. Acknowledgment. The cement for the investigation was
furnished by the Lehigh Portland Cement Company of Allentown;
Pennsylvania, the reinforcement steel, by the Rail Steel Bar
Association of Chicago, Illinois and the aggregates by the Warner
Company of Philadelphia. All of these materials were furrtished
without charge. All other expenses were borne by the Portland
Cement Association of Chicago and Lehigh University. ,
The success of this investigation has been largely due to the
interested cooperation of the men connected with the work.
Especial acknowledgment. is made to C. C. Keyser, Laboratory
Assistant and C. L. Kreidler arid R. E. Gohl, Senior students in
the Department of Civil Engihe()ring.
3. . Earlier Tests. The earliest study the writers have found
comparing the strength developed in the beam with that devel-
oped in the cylinder was reported by Dr. 'Fritz Emperger in
"Beton und Eisen," Heft I, 1903, page 23. This study was based
upon tests carried out at different places, some by Ransome in
Boston and some by Sanders in Amsterdam, Holland. Values of
the ratio of strength of concrete computed from the beams tested
by Sanders to the strength shown by the control cubes are shown
in Fig. 1. The strengths for the beam tests were computed by
a: straight line formula. As a result of this study the "German
Committee for Reinforced Concrete" initiated a more extensive
investigation of the same subject. The tests by the German
Committee were carried out at the: Technischen Hochschule at.
Stuttgart, Germany, under the direction of :C. Bach and O. Graf.,
The resultsof th!'lsetests were originally reported in. Heft 19,
"Deutscher A usschuss.fur Eisenbe.ton" 'artd ·havebeen abstracted.
from Morsch's; book '~Der Eisenbetonbau,;' Fifth Edition, page
330, and plotte<;l in Fig. 1. The control spepimens for these beam
tests were.30-centimeter (11.8~in,) ,cubes, ;In order to compare
the results on the basis of ordinary 6 by 12.,i~L cylinders the cor-
~e~po~ding ratios of l;>eam strength to, cylipd_~~ strength are shown
• a't"'ibe'right-hand side of the diagr~m. For con~~nience .this
r~tl6"iS" termed: ,tlie,Oeap,1";cyJiIl~()r:>,~tr~h.gthrat~o;" 'c'IIl ,making
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the conversion the strength per unit of area of the cube has been
taken as 13 per cent*greater than that for the 6 by 12-in. cylinder.
A similar st.udY of results from different sources in the United
States was published in a paper by Slater and Zipprodt in the
\
\
r:-...,BaCh aoer 17rat:; 191t?>
+
~0 +~~~~ \~~ .~
:oJ -;::~ ~
~ ~~. ~
o 0 ~
a /000 2000 ..3000 . 4000
.Compress/ve slrenglIJ OT cube, fa per 99 in.
FIG. I-FoREIGN TESTS OF HEAVILY REINFORCED CONCRETE
BEAMS
Proceedings of the American Con.crete Institute, 1920, page 120.
The essential results from these tests are shown in Fig. 2.
Figures 1 and 2 show that for all these tests the strength of the
concrete computed by the straight line formula was considerably
greater than the strength of the concrete as shown by tests of
cubes or cylinders, that is, the beam-cylinder strength ratio was
always greater than one. The tests also indicate that the beain-
cylinder strength ratio increased as the strength of the concrete
decreased. The variation of this ratio with the strength of the
concrete was less marked for the tests reported by Bach and GraJ
than for the others reported.
4.' Program: Since the study was mainly on the compression
*H. F. Gonnerman: "Effect of Size and Shape of Test Specimen on Compressive Strength
of Concrete," Bulletin 16, Structural Materials Research Laboratory, 1925. .
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resistance of the beam, the most important consideration in the
layout of the program was to design the beams in such it way
that failure would occur due to crushing of the concrete in the
beam. In the calculations the assumptions made were that the
yield-point stress would be" 40,000 lb. per sq. in. for the reinforce-
ment, and that a latge enough amount of reinforcement would be
0
0 us. a~o/. survey. st Lou/s
0 • Lof'oyetle college
+ t>ureou of' std$., Lehigh Oniv.
. I I~ 0 .o 0 0 Slater and Zipprodt, 1.92000o (> 0 . .
0
0 .~ • ++ +0 o 0 +0 o °0 0 00 .
o 0 • ~ 00 0 0 0
o 0 0
o 0 o~.
0
4
o
() lOOt) 2000
Comprt'$$iv~slrength of' C!lI., la per 59 in.
FIG. 2-TESTS OF HEAVILY REINFORCED CONCRETE BEAMS MADE
IN UNITED STATES:!
used to avoid danger of failure by tension in the steel. Adpitional
security against tension failure resulted from 'the fact that the
rail steel reinforcement supplied for the tests had a yieJd-point
of approximately 65,000 instead of 40,000 lb. per sq. in. '''\
For the series in which the compressive strength of tpe con..'
crete varied the totai depth of the beams was 13 in. The depth
from the compression surface of the concrete to the center of
gravity of the steel, here terme.d the effective depth, wa,:;; 10 in.,
The designed cylinder strengths of the concrete for tqi~ series
varied from 1000 to 5000 lb. per sq. in. and are shown in Wable 1.
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TABLE I-DESIGN OF REINFORCED CONCRETE BEAMS
:'" Designed Ratio of Reinforcement Dimensions .. Comput"dConcrete Reinforcement Bars SheaHng'
Group Strength Stress ic
No. Lb. per Depth to Width Lb. Per
sq. in. Design Actual No. Size Area Steel 'In. In.. Sq. In... ,
-------------------
I 1000 .02 .021 4 %"" 1.77 10.2 8.2 22~ ...
2000 .03 .028 \ 1 Ys') 2.37 10.3 8.2 3332 4 W
3 3000 .04 .037 4 I' 3.14 10.3 8.2 444 .' .~
4 4000 .05 .047 5 I' 3.92 10.1 8.2 555
5 5000 .06 .056 6 I' 4.71 10.2 8.3 666
2000 .03 .030 {
1 W 3.45 14.2 8.2 4676 5 I'
3000 .04 .039 1 %' 4.53 8.2 6806A 5 I' 14.1
2000 .03 .028 1 W 2.85 12.2 8.3 4007 4 Ys'
8 2000 .03 .031
1 1~ 1.99 8.0 8.1 2672 Ys'
9 2000 .03' .032 1 Ys' 1.48 5.9 7.9 2002 W
2000 .03 .030 1 :Va' .99 4.1 . 8.0 13310 2 W
lOA 3000 .04 .040
1 :Va' 1.33 8.0 2003 W ~.1
Beams In Group 1 to 7~ IJlcluS1VC, have %-lll. U stIrrups spaced 3 Ill. center to center except
No.5 and 6A which have :Va-in. double U stirrups 3 in. on center. Beams 8 to lOA, inclusive,
have :Va-in. bars at an inclination of 20 deg,ees with longitudinal reinforcement and spaced
9 in. center to center.
In order to stuclY the effect of variation in depth of the beams
on the beam-cylinder strength ratio l:j, seri(:ls of tests was planned
in which the effective depth of the beams varied from 4 to 14 in.
'as shown in Table 1. Two strengths of concrete (designed as
2000 and 3000 lb. per sq. in. cylinder strength) were used with
each of these variations in depths of beams.
The computed shearing stress for the loads calculated to cause
compression failure' in' 'all beams are also given in Table 1.
Obviously most of them are so high as to require web reinforce-
ment to prevent diagonal tension failure. For beams having a
dept4 to center of gravity of steel of 10 inches or more, vertical
~tirrups were used. For shall~werbeams the depth was too smail
for proper anchorage of vertical stirrups and inclined web rein-
forcing bars were used. As a criterion for the minimum amount of
web reinforcement required the formula
~.:.
..1'- v = (.005 + r) . Iv .
was used. In this formula'v is 'equal to the shearing stress,ris
equal to the ratio of web reinforcement and Iv is equal to tensile
stress in reinforcement here taken as 40,000 lb. per sq~·'in.; This
formula was' derived from tests carried out. for the United States
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Shipping Board during the war. * However, the minimum size
of the stirrups was fixed at % in. diameter and the maximum
spacing at 3 in. for the vertical stirrups. This generally resulted
in considerably more web reinforcement than that called for in
--11------ 4'..!J"---------.,
Z fJeam No.5
1-'----/.9 @ .3- 2/
3"-'-1------ 4 '-!J::""----~
fJeom No.
9"--+-o-----'--=-
FIG, 3-DESIGN OF REINFORCED CONCRETE BEAMS. NOTE: ALL
WEB REINFORCEMENT IS %" DIA.
the formula, Fig. 3 shows the arrangement of the web reinforce-
ment for all the beams.
All the bm1ms were 8 in. wide and 11 ft. long.
Three beams of each kind were made for each group. The
control specimens generally consisted of 6 by 12-in. cylinders and
three cylinders were made with each beam. Prisms 8 by 8 by
12 in. were made with two of the beams for testing under eccentric
load. At a later date three prisms and three cylinders were made
in order to secure further information on the properties of the
concrete.
*Slater, Lord, and Zipprodt, "Shear Tests of Reinforced Concrete Beams," Technologic
Paper No. :)14; National Burcau of Standards, 1926.
,
ID 7 tS 9 /0 /1 12 /3
Water contenf; gallons per sack cement
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MATERIALS
5.' Cement and Aggregates. The cement and aggregates used
,in this investigation came from the same lots as those furnished
,for a series of column tests which is being carried out at Fritz
Laboratory for the American Concrete Institute. The cement
had a fineness of about 89 per cent passing the No. 200 sieve and
~3~f---+--
~~ 20001----+-=--
~~. 1000f-,--f--+---f,-=
~U
O"L-_-l-_--L._--L__L-_.L.-_-.i-_-L_---I
5
FIG. 4-WA:T,ER-CEMENT-STRENGTIL RATIO, (1) ASSUMED FOR
DESIGN AND (2) SECURED FROM TESTS
gave a high 28-day strength. The aggregates came from near
the Delaware River at Morrisville, Pennsylvania. The sand had
an average fineness modulus of about 2.82, had 4 per cent passing
the No. 48 sieve, and about 50 per cent between the No. 48 and
No. 28 sieves. The sand content used was 40 per cent by weight
of the total aggregates. This combination gave very workable
concrete for all mixes included in the series. The coarse aggregate
consisted of gravel of a maximum size of % in. At the laboratory
it was screened and recombined so as to contain 40 per cent
between the No.4 and the %-in. sieves, and 60 per cent between
the%-in. and the %-in. sieves'. The aggregates had been stored
indoors some time before the making of the concrete.' At the
time of, making specimens, the gravel contained about 0.5 per
\
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T'\lH E 2 f'ONCHETE MIXES TJSEn IN BEAMS-
Water-Cement C('mellt Water Conteut
Concrete ;\'Iix By Ratio B.y Content Gallons Per Slump
Group Sacks of
No. Per Sack Cu. Yd. Cone.
Weight Abs. Vol. Weight Ahs. Vol. Cu. Yd. Cement Conc. In.
---------------
I 1-3.80-,5.70 1-4.55-6.80 1.00 3.10 3.6 llJi 40.5 5
2 1-2.80-4.20 1-3.35-.5.00 .75 2.33 4.8 8y' 40.8 5y'
3 1-2.30-3.45 1-2.75-4.15 .62 1.92 5.7 7 39.9 5y'
4 1-1.90-2.85 1-2.25-3.40 .53 1.6.5 6.7 6 40.2 7y'
5 1-1.60-2.40 1-1. 90-2.8.5 .46 1.44 7.7 5Ji 40.4 6y'
6 1-2.80-4.20 1-3.35-5.00 .75 2.33 4.8 8y' 40.8 5
6A 1-2.30-3.45 1-2.75-4.15 .62 1.92 5.7 7 39.9 - 3
7 1-2.80-4.20 1-3.35-5.00 .75 2.33 4.8 8y' 40.8 4
8 1-2.80-4.20 1-3.35-5.00 .75 2.33 4.8 8y' 40:8 6
9 1-2.80-4.20 1-3.35-5.00 .7.5· 2 .3:~ 4.8 8y' 40.8 5
10 1-2.80-4.20 1-3: 35-5.00 .75 2.33 4.8 8y' 40.8 5
lOA 1-'2.30-3.4.5 1-2.7.5--4.15 .62 -I. 92 5.7 7 39.9 5
(
cent water as moisture and the sand about 1 per cent. It was
assumed that this was close to the percentage which would be
absorbed and no correction for absorption was made.
At the time of designing the mix only the 7-day strength of
concrete of one water content was available. This strength was
converted into estimated 28-day strength ,by use of the formula
/28 = 17 + 30-vf, ,in which iT and 128 are the 7-day and the
28-day strengths. An estimated water-cement-strength curve
was drawn so that it passed a little above this estimated strength
(see curve 1, Fig. 4). Fig. 4 also shows the strengths obtained
from the tests and indicates that for the cement used the strength
increase between the ages of 7 and 28 days was considerably'-
greater than theincrease given by the formula. After the water
content per sack of cement for each strength of concrete had
been taken from curvel, a few trial batches were made with one
of these water contents to determine the mix which would give
suitable workability. 'The mix found to give the proper work--
ability contained 40 gal. of water per cubic yard of concrete and
this mix was used as the basis for designing the other mixes. It
was assumed that the water content per cubic yard of concrete
remained practically constant for mixes' of a given consistency.
All mixes were therefore designed so as to contain 40 gal. of w.ater
per cubic yard for the different water-cement ratios -used. The
mixes arrived at in this 'manner are given in Table 2 which con-
tains all data of the concrete used in the series. In Fig. 5 the
slumps have been plotted as ordinates of two independent graphs.
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In one of them the water content, shown at the top, and in the
other the cement content, shown at the bottom, represent the
abscissas. For the resulting concrete 75 per cent of the slumps
lay between 4 and 6 in. The extreme range was from 3 to 7~
in. As large a variation as this may be expected on account of
lack of uniformity in the moisture content of the-aggregates.
z
2 Water content shown Ihus 0
~ Cement -- -- -- x
""=~\3.
~ x~] ~en\(; x~>-x I----
,
-f-
..,
,
~ ~ ~ ~ ~<; ~
'" '".~ -.
"
-.
~ ~ r-~ -;. -" f-----~ -~ ~OJ
'" ~ ~ ~
'- '- '- '-
'-
o
0/ Z 345 G 7 89
Cement con/en!. socks per c{./. !ld of concrete
.Water content gallons per Cll.!ld. of concrete
Q ~ w.~ M W ~ m ~ ~
/
/Q
FIG. 5-RELATION BETWEEN WATER CONTENT, CEMEN'I' CONTENT,
AND SLUMP OF CONCRETE
If the assumptions made were entirely correct and if the opera-
tion had been under perfect control, the curve representing the
relation between slump and cement content should be a straight
horizontal line. Due to variation in slump already pointed out,
this condition was 'only partially realized asis shown in Fig. 5.
However, the conformity was good enough to warrant the char-
acterization of this method as a satisfactory working basis.
_ 6. Cement-Strength Relation. In Fig. 6 28-day cylinder
strengths of the concrete have been plotted as ordinates of two
independent curves with the. water content and cement content
per cubic yard of concrete as abscissas. In this series, however,
the water content was held constant and the relation between
strength and water content was necessarily a vertical straight
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line. It will be seen from this figure that the cement strength
relation is approximately a straight line, that is, the increase in
strength was proportional to the increase in ceme'nt content. It
should be kept in mind that the same aggregate was used through-
.out the series and that the proportion of sand to coarse aggregate
was constant, 40 percent fine and 60 per cent coarse, and that
I Voi\,
-[ ~e
~ 0°
'"
~(,
c:::~ ~t7~ r}(0
~ r/ ~ ~.~
l\i ~-f--t\j- f--t\j~ ~. ~ ~ <:)Il;) \9'--l\j I--,,!-~~-1--:--;.~ '.
'- ...... -', ......~~
<.:.
·0
" / .2 3 4 5 <0 7 8
Cement content; .socks per Ct/. yd 01" corx:rele
FIG. 6-RELATION OF STRENGTH TO CEMENT CONTENT AND
WATER CONTENT FOR CONCRETE OF CONSTANT CONSISTENCY
Water content; gollons per cu..!I'd or concrele
tJ !tJ 20 ,jO 40 50 ~o 70 80
.~.GOOO
"(j....
!t)5000
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~
·~.3OOo
~~
II) 2000
~~~ /000
~
the consistency of the concrete was fairly constant as measured
by the slump. The increase in strength was approximately 1100
lb. per sq. in. per sack of cement per cu. yd. of concrete.
It should not be expected that with variations in types of
aggregate or with variation of proportion of fine to coarse ag-
gregate in different mixes, a constant water _content should give
a constant consistency or that proportionality between increase
in cement content and increase in strength should result. .
7. Uniformity of Concrete. Even though each cylinder rep-
resented a different batch of concrete in a beam, the variation
in strength between individual cylinders for a given beam was
less than the variation between the averages for beams of the
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same group. Therefore, in studying the uniformity of concrete
the average strength of the three cylinders from each beam was
considered as a· single strength. The maximum variation of these
strengths from the average of a group was computed for each
group of three beams. The largest of these maximum variations
for any group in the entire series was 12.9 per cent and the
average of the maximum variations for all groups was 6.4 per
cent. Table 3 gives the average cylinder strength for each beam
and also contains the average strength for each group and the
maximum variations from the average.
8. Reinforcement. The reinforcement bars were of rail steel
which gave high yield-point stress and high ultimate strength.
Table 4 shows the test results for coupons from the reinforcement
bars. The average yield-point stress for all specimens was found
to be 64,800 lb. per sq. in., the ultimate strength 106,400 lb. per
sq. in., and the modulus of elasticity 29,500,000 lb. per sq. in.
This modulus of elasticity was used in computing the ratio n, that
is, the ratio of the modulus of elasticity of steel to that of concrete.
MAKING, CURING AND TESTING OF SPECIMENS
9. Fabrication of Reinforcement. The longitudinal reinforce-
ment was in one layer in some and in two layers in others of the
beams. .The clear distance between the two layers of bars was
,% in. In order to hold the reinforcement in its proper position.
with respect to the bottom of the beam, supporting legs of the
necessary depth were welded to the lower layer of the longitudinal
bars.
The proper horizontal spacing was maintained· by means of
short cross bars welded to each longit~dinal bar of the layer.
The web reinforcement was looped around and attached to the
longitudinal reinforcemenp by electric arc welding. Generally,
where two layers of longitudinal bars were used the stirrups were
looped around the bars of the lower layer and welded to both
layers of the longitudinal reinforcement, thus insuring the proper
spacing and position of stirrups and longitudinal bars.
For simplification in making up stirrups the same depth, of
stirrups was used for beams of various depths, as far as possible.
During the making up of the beams it appeared that the stirrups
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were too short to be adequate as web-reinforcement for beams
with an efftlctive depth of 14 inches. To correct for this deficiency
in some measure these stirrups were looped around and welded
to the bars of the upper layers in two out of three of the 14-in.
beams instead of to bars of the lower layer. The upper and lower
layers of bars in these two beams were tied together' by means of
spacers welded to both bars. For beams whose depth was too
small to provide adequa,te anchorage for vertical stirrups inclined
web bars were used. These also were welded to the longitudinal
reinforcement, which in these cases included only one layer of
bars. '
This method of fabricating all the reinforcement for each beam
into a rigid unit appeared to be very effective in maintaining the
correct position of the reinforcement 'during the placing of con-
crete in the beam. It also reduced the danger of slipping of the
reinforcement during the testing of the beam. Fig. 7 shows the
fabricated reinforcement for beams of different depths,
10. Forms, For the beams having an effective depth of 8 in,
or less, wooden forms' were used. For those having a depth of
10 in. or more, steel forms were used. In order to prevent leakage
from the forms, all joints were made with care, and as a further
precaution, all joints (with both wooden and steel forms) were
puttied before placing the concrete. In this way the amount of
leakage was made very small. Before placing the concrete all
forms were oiled as a precaution against sticking of the concrete
to the forms. In the case of the wooden forms oiling was a pre-
caution also against absorption of water and warping of the
forms.
11. Mixing and Placing. The concrete was mixed in an
inclined kettle-shaped mixer of approximately 2.5 cu. ft. capacity.
The dry materials were dumped into the mixer and mixed for one
minute; water was then added and the mixing yvascontinued for
three minutes more. The concrete was dumped into the metal
container shown in Fig. 8 and shoveled fr0f!l it into the forms.
The rounded ends of this container facilitated the complete
emptying of it. Each beam required more than one batch. The
concrete of each batch was placed in the form while the succeeding
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d = /0"
FIG. 7-REINFORCEMJ,;NT FABRICATED FOR BEAMS
batch was being mixed. Each batch was spread to an approxi-
mately uniform depth over the full length of the beam. The
concrete was rodded into place by means of a %-in. steel bar, and
the forms were hammered lightly in order to consolidate the mass.
Generally one control cylinder was taken from each batch 'so as
to represent the different layers of the concrete in the beam:
Fig. 8 shows the arrangement during the making of the beams in
which wooden forms were used.
12. Curing. The control cylinders, as well as the beams, were
generally left in the forms for 48 hr. after making. The forms were
then .removed and the specimens placed in a moist room of 100
per cent humidity and a temperature of approximately 70°F,
until a 28-day age was reached. A typical chart of the tempera-
ture in the moist room covering one week of the curing, February
24 to March 3, is shown in Fig. 9. The temperature range
throughout the curing period was from 68° to 72°F.
13. Testing. At the age of 28 days the specimens were re-
moved from the moist room and tested to failure. The testing
machine used, both for the control cylinders and the beams, was
an Olsen screw-power machine equipped with supporting wings
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FIG. 8-MAKING THE BEAMS
FIG. 9-RECORD OF TEMPERATURE IN MOIST ROOM FOR WEEK
FEB. 24-MARCH 3, 1930
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designed for the testing of beams. The 6 by 1~-in. cylinders were
tested in the ordinary manner, with an idling speed of the head
of the machine of .05 in. per minute. The beams rested on a
roller at one support and on a sphericaJ bearing block at the
other support. The center of each support was 9 in. from the
end of the beam, making a distance of 9 ft. 6 in. between centers
of supports. The load wa(3 transferred from the head of the
machine to the concrete beam through ,a hearvy structural steel
lo~ding beam having a reinforceq web. This loading beam
transferred the load through a roller at one end and a spherical
bearing block at the other end to the test beam at the load points, .
. which were placed 21 in. on either side of the center of the beam.
This arrangement of loads produced a constant moment in the
central 42-in. portion of the concrete beam. The spherical bear-
ing blocks at one support of the test beam and at one load-point
were introduced for the purpose of eliminating torsional moments
and eccentric loading in the testing of the beams. Fig. 10 shows
the. arrangement during the testing of one of the beams.
During the testing of the beams close examination was made
for the appearance of ?racks.
14. Deformation Measurements. * Deformation measurements
were taken on at least one control cylinder from each beam. Two
metal collars surrounding the cylinders at sections 10 in. apart
were attached to the cylinder by means of a pair of screws in
each collar 180 degrees apart. All four screws lay in the same
diametral plane. A steel rod used as a distance piece held the
collars a fixed distance apart at a point on each collar 90 degrees
from the axis of the screws. This arrangement allowed each
collar to.rotate about a horizontal axis through the screws'as the
cylinder shortened under the load. Opposite this distance piece a
.0001-in. Ames gage was attached to the upper collar, and another
distance piece, attached to the lower collar bore atl'its upper end
upon the plunger of the Ames gage. The readirigs' on the dial,
therefore, indicated twice the ;:tmount of the shortening of the
cylinder during the testing. The deformation results secured in
this manner were used for the determination. of the modulus of
elasticity of the concrete.
,..f,>.•
*In this report:' (1) the word "deformation" denotes total change of length in a given gage
length. (2) The word· "strain" denotes the change per unit of length wbich is caused by stress.
(3) The word "stress" denotes the iritensit~ per unit area of tbe internal force.
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FIG. 10-TEST! G ARRANGEMENT
Table 3 gives the modulus of elasticity for the concrete in each
group of beams. This modulus is the tangent modulus at a stress
of 500 lb. per sq. in. This table also gives the corresponding
values of n for each group.
The deformations of the concrete in the beams were measured
on each side of the beam by means of Ames gages reading generally
0.001 in. One gage line was placed near the top of the beam, one
near the elevation of the center of gravity of the reinforcement,
and in orne cases, one was placed near the neutral axis of the
beam. The gage length was 35 in. for the gages near the top and
ncar the center of gravity of the reinforcement, and 30 in. for the
gages near the neutral axis. The Ames gages u ed for the
observation near the neutral axis read to 0.0001 in. The de-
formation apparatus may be seen in Fig. 10.
15. Observed Deflections. For measuring the center deflection
a fine wire attached to the side of the beam near the neutral axis
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TABlE 3-PUOPERTIES OF CONCRETE IN BEAMS
Cylinder Stlength. I Modulus
Depth
Ratio of Lb. Per Sq. In. for Beam Max. Var. of
Group Hein- '"From Elasticity Values
No.. d, In. force- Av. Lb. Per of n
mont, P A B C Av. Per Cent Sq. In.
----- -----------------
I· 10.2 .021 1210- 1.520 1450 1390 12.9 2,r,50 000 11.1
2 10.3 .028 2530- 2940 2910 2790 9.3 3,450 000 8.6
3 10.3 .037 4020 4200 4000 4070 3.2 3.750 000 7.9
4 10.1 .047 41;70 4li60 5060 4800 5.4 4,1.50 000 7.1
5 10.2 .05t> .5680 .')680 5870 5740 2.3 4,620 000 6.4
6 14.2 .030 2490 2600 2670 2590 3.9 3,650 000 8.1
6A 14 .1 .039 3990 4120 4270 4130 3.4 3,800 000 7.8
7 12.2 .028 2800 2800 3200 2950 8.5 4.400 000 6.7
8 . 8.0 ;031 3020 2650 2600 2760 9.4 3.6.')0 000 8.1
9 ,').9 .m2 3120 2070 2900 2900 8.0 3,200 000 9.2
10 4.1 .030 3040 2750 2600. 2820 7.8 3.475 000 8.5
lOA 4.1 .040 3730 3900 3800 3810 2.4 3,72.5 000 7.8
Average 6.4
*Extra water added for abso~ptlOn.
at each support spanned the length of the beam. A mirror bear-
ing a scale graduated to fiftieths of an inch was attached to the
side of the beam at the center of the span at the elevation of the
neutral axis. The elevation of the wire on the scale was read
without, parallax by lining up the wire with its image in the
mirror at the time of reading the scale. The deflections thus
observed were read by estimation to the nearest .01 in. Fig. 10
shows the arrangement for .~he deflection measurements during
the testing.
16. Duration of Test. The time required for the testing of
one beam, that is, the time between initial load and the maximum
load, depended upon the strength of the beam and the number of
deformation and deflection measurements made. In general, the
testing was completed in less than one-half hour. Beams carrying
a maximum load of more than 20,000 lb. were loaded in 5000-lb.
increments between successive sets of readings, while for the
beams of lower carrying capacity smaller increments between
successive sets of observations were used.
RESULTS
17. Occurrence of Cracks. During the testing of the beams
close inspection was made for the appearance of cracks. Usually
the first cracks appeared at the bottom of the beam just below
the loading point or near the center of the span. Usually no
cracks appeared in the portion of the beam between the sup-
porting points and the loading points. However, a few beams
Compressive Strength of Concrete in Flexure 19
,
showed diagonal tension cracks between the supports and the
loading points. These were the beams of groups 6, 6A and 7,
having an effective depth of 12 and 14 in. which showed diagonal
tension cracks prior to failure. These cracks occurred between
the supports and the loading points at both ends of the beam.
Generally, several cracks occurred parallel to each other and only
a few inches apart. In these cases the cracks ordinarily extended
from the neutral axis to the bottom of the beam. Most of these
cracks were first discovered near the bottom, but some appeared
first at approximately the level of the neutral axis. The load at
which the first crack was observed is given in Table 5 which also
gives the percentages of the maximum load at which the first
crack was observed. The average load at which the first crack
was observed was about 48 per cent of the maximum load for all
the beams.
18. Forms of Failure. All beams except two failed in com-
pression of the concrete between the loading points of the beam.
Generally the failure was very close to the center. Beams of low
strength concrete gave a gradual failure, while beams of higher
strength concrete broke suddenly without previous warning.
The other two beams failed in diagonal tension. These 'were
from the series in which the average strength of the concrete was
2800 lb. per sq. in., and in which the effective depth varied from
4 to 14 in. The effective depth was 14 in. for one of these beams,
and 8 in. for the other. The 14-in. beam which failed in this
manner was the one which had stirrups of 11-in. depth attached
to the lower' layer of the longitudinal steel reinforcement. The
stirrups in this beam extended only partially into the com-
pression area of the concrete. In the other two beams of the same
group the stirrups were attached to the longitudinal bars of the
upper layer. These beams failed in: compression, even though
diagonal tensioJ;l cracks appeared before failure. The maximum
loads, shown -in Table 5, indicate that the compressive strength
of the concrete was almost reached before the diagonal tension
failure occurred. Fig. 11 is a photograph of the 14-in. beam which.
failed in diagonal tension.
Beam 8B, 8 in. deep, had inclined bars and failed in diagonal
tension without previous warning. The two companion beams
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TABl E 4-SUl\DIARY OF TESTS-ON REIN"FORCING·B,\RS USED IN BEA~IS.-
Nom. Yield Ultimate Rcduc. Modulus of
Folio Bar. No. of Meas. Point** Strength Elong. in Elasticityt
No. Size Tests . Area* Lh. Per Lb. Per in 8" Areat Lb. Per'
In. Made Sq. In. Sq. In. Sq. In. Per Cent Per Cent Sq. In.
---------------- -------
387555 % 4 .110 72,250 108,400 13 29,700,000
7555 :l4 2 .427 '73,100 117,700 9 20 28,400,000
7555 Ys 4 .593 67,400 108,600 12 26 29,400,000
7555 1 4 .751 62,650 111,400 14 30 28,850,000
Average 68,240 110,500 12.4 30 29,180,000
7576 %
I
4 .101 74,400 113,200 12 44 30,200,000
7576 :l4 4 .422 57,950 95,800 16 30 29,.'iOO,000
7576 Ys 4 .591. 58,400 101,800 19 36 30,000,000
7576 1 4 .756 55,8.50 100,500 15 24 29,300,000
Average 61,400 102,800 15.5 33.5 29,750,000
% 8 .105 73,400 110,800 12.5 41 29,950,000
:l4 6 .424 63,000 . 103,100 14 27 29,130,000
Ys 8 .592 62,900 105,200 15.5 31 29,700,000
1 8 .753 59,300 106,000 14.5 .27 29,300,000
Grand Average 30 64,800 106,400 14 32 29,480,000
Notcs: *Computed from the weight and length of bar.
**Yield point detected by the drop of the beam in only half of the tests made.
tReduccd area computed from an average leduced diameter.
~Strains were measured in only half of tests made.
TABLE 5-RESUl.TS OF BEAM TESTS
Max.
Dimensions Actual Maximum LO:19. on Beams, Lb. Var. Load at Max.
of Bcams Batio of From First Sheating
Group Rcin- Beam No. Ave. .Crack Stress
No. foree- Per Per Lb. Per
Depth Width mont, P Ccnt Cent** Sq. In.t
dill. bin. A B C Av.
------ ------ --- ------- --- ---
I· 10.2 8.2 .021 33000 32000 32600 32520 1.6 52 243
2 10.3 8.2 .028 47390 40000 46750 44710 10.5 36 321
3 10.3 8.2 .037 58550 64770 66580 63300 7.5 43 452
4 10.1 8.2 .047 74500 71050 78950 74830 5.5 37 5'16
5 10.2 8.3 .056 84350 96410 81470 87410 10.3 38 625
6 14:2 8.2 .030 92000* 106570 92000 99290 7.3 63 522
6A 14.1 8.2 .039 120000 113600 130000 121200 7.3 37 634
7 12.2 8.3 .028 69250 63870 71340 68150 6.3 47 407
8 8.0 8.1 .031 25760 31650* 33430 29600 13.0 54 280
9 5.9 7.9 .032 15270 18640 16580 16830 10.8 65 220
10 4.1 8.0 .030 6790 7670 6220 6890 11.3 58 128
lOA 4.1 8.0 .040 9750 10300 9000 9680 7.0 41 180
Av. 8.2 48
*Failed in diagonal tension, omitted from average.
**Percentage of maximum load.
W
tv = 2jbd
of the same group, 8A and 8C, failed in compression with no
diagonal cracks or other indication of being near failure in
diagonal tension. It is to be noted also, that the maximum load
was slightly higher for beam 8B, which failed in diagonal tension,
than the average load for 8A and 8C, which failed in compression.
In order to investigate whether any slipping of the inclined bars
took place, thus causing the diagonal tension failure, the concrete
in beam 8B was removed so that the inclined bar could be in-
"•
r
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FIG. ll-DIAGONAL FAILURE OF BEAM 6A. (A) LEFT END, (B)
RIGHT END
spected throughout its length. No indication of slipping of the
bar or stressing the steel beyond the yield poi:nt could be detected.
The welded connection of the inclined to the longitudinal bar was
still intact and there is no evidence that the diagonal tension
failure was due to slipping of the web reinforcement or to failure
of the welded connection with the longitudinal bar. Fig. 12a
shows beam 8B in the testing machine after it had failed and 12b,
photographed from the opposite side, shows the inclined bar
exposed throughout its length.
Typical examples of the forms of failure for the different beams
are shown in Fig. 13, 14 and 15. Fig. 13 shows the beams of
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FIG. 12-DIAGO~AL FAILURE OF BEAM B. (A) I T TESTING
MACHI~E, (B) WITH EXPOSED INCLINED BAR
equal dimensions but of different strengths of the concrete; Fig.
14 the beams of 2800 lb. per sq. in. concrete and different depths
of beams and Fig. 15 beams of 4000 lb. per sq. in. concrete and
different depths.
19. Prism Tests. In order to get more definite information
regarding the distribution of strains and stre ses in the com-
pression section of the concrete area in the beam, two 8 by 8 by
12-in. concrete prisms were made during the manufacturing of
FIG. 13-F AILl RES OF BEAMS OF DIFFERENT CON-
CRETE STRE °GTH
FIG. 14-BEAMS OF 2800 LB. PER SQ. IN. CONCRE;.TE
A D DIFFERENT DEPTHS
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FIG. 15-BEAMS OF4000 LB. PER SQ. IN. CONCRETE AND DIFFERENT
DEPTHS
the beams. After all the beams had been made three prisms and
three cylinders were made from a mix of concrete similar to that
used in group 2 of the beam series. All the prisms were tested at
an age of 28 days in such a way that the resultant load and the
resultant reaction passed through the edge of the middle one-third
of the sectional area of the prism. Fig. 16 which shows one of the
prisms after failure indicates the method of applying the loads.
FIG. 16-8 BY 8 BY 12-IN. PRISM
LOADED AT EDGE OF MIDDI.F.
THIRD OF CROSS SECTION
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Deformation measurements were taken on two opposite faces of
each prism.
The average strains for the two prisms from beams A and B
in group 6A are plotted in Fig. 17 by connecting by straight lines
the points representing the
strains measured three inches
away from the opposite faces,
that is, assuming a straight
line variation of strains across
the section of the prism.
The deformation curves for
low loads all seem to pass
through the same point, and
show that there was little
or no strain at one edge of
the prism. This indicates
that for these loads the rela-
tion between strain and stress
is represented very closely by
a straight line, since it is only
for a straight line stress-strain
relation that the strain is
zero at the edge of a prism
loaded at the edge of the
middle third of the sectional
area. For larger loads, how-
ever, the point of zero strain
lay slightly within the prism,
indicating that a curved
stress-strain distribution ex-
isted at high stresses. Fig. 18
shows ,the average stress-
strain diagram from the same
data as in Fig. 17 for that
edge of the prism which lay
nearest to the load-point. It also shows the average stress-strain
diagram for the control cylinders from the same batches of con-
crete. This figure indicates that the modulus of elasticity
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FIG. 17----,.STRAIN DISTRIBUTION IN CONCRETE PRISM LOADED AT
THE EDGE OF THE MIDDLE THIRD
obtained for the prism was slightly less than that found on the
control cylinders. The average cylinder strength for these two
beams represented in Fig. 17 and 18 was 4060 lb. per sq. in.
The deformations found in the additional prisms made after
completion of the making of the beams were quite similar to those
already discussed.
20. Uniformity of Results. The uniformity in strength results
obtained from the tests of three beams in each group was found
to be very good. The maximum variations of the individual
strengths from the average are shown in Table 5. The greatest
of these maximum variations was 13 per cent, and the average for
all the groups was 8.2 per cent. The average of the maximum
I .
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FIG. 18-STRESS-STRAIN DIAGRAM FOR PRISMS OF GROUP 6A, AND
CONTROL CYLINDERS
variations for the beams was slightly higher than the average
found for the concrete cylinders. The relatively small variation
between the individual specimens indicates .that the beams ·were
uniform in quality and that the results represent the_actual
strength fairly well. A further indication of the reliability of the
results is found in the fact that the points showing the beam-
cylinder strength ratios for beams of different concrete strengths
and for beams of different heights, fall approximately on smooth
curves.
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21. Relation between Strength of Cylinders and Strength of
Prisms. The two prisms made from the same concrete as the
. beams in group 6A, loaded eccentrically, gave an average com-
pressive strength over the entire area, of 2430 lb. per sq. in.
Assuming a straight line stress-strain relation this .corresponds
to a maximum stress at one face of the prism of 4860 lb. per sq.
in" and zero stress at the opposite face. The control cylinder
made from the same batches and tested with a uniformly dis-
tributed load, gave an average compressive strength of 4060 lb.
per· sq. in. The apparent strength of the concrete in the prisms
was therefore about 20 per cent higher than that of the cylinders.
The three prisms which were made at a later date did not have
.perfect caps, and therefore failed at lower stresses than might
otherwise have been the case. The 'average compressive strength
over the entire area of these prisms was 1675 lb. per sq. in. This
.corresponds to a maximum fiber stress of 3350 lb. per sq. in. The
average strength of the control cylinders from the same batch was
3110 lb. per sq. in. The maximum fiber stress in these prisms
was therefore only 8 per cent greater than the cylinder strength
of the conc;ete.
22. Relation between Beam Strength and Prism Strength. This
comparison includes only the two prisms made from the same
batches of concrete as the beams A and B in group 6A. If a
straight-line stress-strain distribution is assumed for the prism,
it is found that the prism strength was about 20 per cent higher
than the cylinder strength. Using the straight~line formula for
computing stresses in the beams, and using the value of n obtained
from the deformation measurements on the control specimens of
concrete and of steel, the computed ultimate stress in the beam
was about 50 per cent greater than the strength of the cylinders,
and 25 per cent greater than the ultimate stress in the prism.
The ultimate fiber stress in the prism was therefore considerably
less than the fiber stress computed for the beams.
23. Notation and Formulas. For the purpose of studying the
test results, an analysis has. been made in which the stress curve
in the compression part of the beam is assumed to be a parabola,
not necessarily of second degree, but of some degree, r. The value
·\
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of r is always the ratio of Ec• / c to if!c' See Fig. 19. When r is
one, the stress curve reduces to a straight line arid the resulting
formulas to the ordinary straight line formulas. When r is two,
the stress curve reduces to the parabola of second degree and the
formulas to the ordinary parabolic forinulas for stress at the load
FIG. 19-AssUMED STRESS DISTRIBUTION IN COMPRESSION AREA
OF BEAM
which produces compression failure in the concrete. The analysis
could be made applicable for loads below the maximum, but there
seems to be no necessity for introducing this complication.
In the formulas used in this report the following notation will
be used.
b width of beam
d effective depth of beam, that is, depth from compression
surface of beam to center of gravity of sectional area of
reinforcing steel
p ratio of reinforcement
n ratio of modulus of elasticity of steel to that of concrete
. .
M bending moment atmaximum·load
kd vertical distance from, compression: surface to neutral
axis
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jd distance from resultant compressive force to resultant
tensile force, that is, moment arm' of resisting couple
fe" computed compressive stress in extreme fiber of rein-
forced concrete beam at load causing compressive
failure
1'e = compressive' strength of concrete as determined from
tests on 6 by 12-in. cylinders
f, = computed stress in reinforcement of concrete beam
r = exponent in a stress-strain equation (assumed to be
parabolic) whose graph approximates the stress-strain
curve for the control cylinders
The general formnlas for k, j, file, and fs are as follows:
k ~pn(r+1) + (pn(;+1))2 pn(;+1l
1 r+l 1J '-2(r+2)(
r
e
" r+1 M d
J, ---;- kjbd' an
M
pjbd'
The condition for straight-line distribution of stress is obtained
when r = 1. The equation for stress in the concrete at the com-
pression surface then becomes file = ~,~~,. The condition for
parabolic distribution of stress is obtained when r= 2. The
equation of stress, file, in the concrete at the compression surface
th b f " 3 Men ecomes e = 2 kjbd2
An illustration of the effect of the variation in the assumptions
as to the stress distribution on the intensity of the maximum
stresses and the position of the neutral axis is given in Fig. 20.
In this figure the curves show the stress distribution for straight
line, second degree parabola, and fourth. degree parabola re-
spectively.
24. Effect of Variation in Strength of Concrete on Beam-Cylinder
Strength Ratio. Table 6 shows the extreme fiber stresses in the
beams at maximum load as computed by the straight-line
formuia. In these computations three different values of n hav~
been used, (1) the values specified by the American Concrete
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TABLE 6-BEA~1-CYLINDERSTRENGTH RATIO U~]NG STRAIGHT LINE STRE~S DISTRIBUTION T = 1
. -
.
; Stress Computed ByAverage Straight Line Formula; Beam-Cylinder Strength
Group Depth Cylinder Value of n According to Ratio for n According to
No. d, In. Strength
Lb. Per'
Sq. in. Observa- Obser-
A.C.I. J. C. tions A.C.I. J. C. vations
---- ----
----
------------
I 10.2 1390 2870 3110 3350 2.06 2.24 2.41
2 10.3 2790 4220 4120 4490 1. 51 1.48 1.61
3 10.3 4070 6120 5700 6030 1.50 1.40 1.48
4· 10.1 4800 7410 6650 7160 1.54 '1.39 1.49
5 10.2 5740 8410 7280 8000 1.46 1.27 1.311
6 14.2 2590 4780 4730 5240 1.85 1.83 2.02
6A 14.1 4130 6220 5770 6110 1.50 1.40 1.48
7 12.2 2950 4600 4630 5150 1.56 1.57 1. 75
8 8.0 2760 . 4570 4470 4950 1.66 1.62 1. 79
9 5.9 2900 4900 4740 5060 1.69 1.63 1. 75
10 4.1 2820 4170 4060 4310 1.48 1.44 1.53
lOA 4.1 3810 5900 5.570 5870 1. 55 1.46 1.54
Computed t:ompressive slress, Ii, 10. per sq lil~~
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FIG. 2o-STRESSES IN BEAMS ACCORDING TO VARIOUS ASSUMP-
TIONS AS TO DISTRIBUTION OF COMPRESSIVE STRESS;
p=.057, N=10
Institute Code of 1928,* -(2) the values specified in the Joint
Committee report of 1924, t (3) the values determined from the
deformation measurements on control cylinders and oil coupons
from the reinforcement steel used in the tests. The compressive
strengths of the concrete as obtained from the 6 by 12-in. control
.• *Reinforced Concrete Building Regulations and Specifications', Proceedings, A~erican
Concrete Institute. Vol. 24 (1928). Sec. 601. page 802.
tStandard Specifications for Concrete and Relnforced Concrete, Proceedings, American
Concrete Institute. Vol. 21 (925), Sec. 103. page 366.
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cylinders are also given in the same table. A comparison of
values given in this table shows that the computed compressive
stresses in the beams at maximum load were much greater than
the cylinder strengths, the excess. over the cylinder strength
ranging from 27 to 141 per cent. These results are in agreement
with those of the earlie.r tests shown in Fig. 1 and 2.
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FIG. 21-RELATION OF BEAM-CYLINDER STRENGTH RATIO TO
STRENGTH OF CONCRETE
Fig. 21 shows the beam':'cylinder strength ratio, that is, the
ratio of the computed beam stresses to the cylinder strengths for
the different values of n used. It is noted from this figure that
. the ratios were much larger for concrete of low strength than for
high-strength concrete. For concrete strength of more than
3000 lb. per sq. in., however, the decrease in the ratio with the
increase in strength was very small. When the values of n used
in the computations were in accordance with the American
Concrete Institute code' the beam-cylinder strength ratio was
about 2.0 for· 1500 lb. per sq. in. concrete, 1.75 for 2000, 1.55 for
3000, 1.50 for 4000, 1.45 for 5000 and 1.40 for 6000 lb. per sq. in.
concrete. For the two other values of n used the relation between
34 JOURNAL OF THE A¥ERICAN CONCRETE INSTITUTE-Proceedings.
the beam-cylinder strength ratio and the strength of the concrete
follows approximately the same trend as the one found using n .
according to the American Concrete Institute code.
The differences in the ratios for the three different sets of
values of n were not large.
TABLE 7-BEAM-CYLINDER STRENGTH RATIO usn..~G PARABOLIC STRESS DISTRIBUTION, T = 2
Stress Computed By
Parabolic Formula Beam-Cylinder Strength
Cylinder Using n According to Ratio For n According to
Group Depth Strength
No. d, In. Lb. Per
Sq. In. Obser- Obser-
A.C.l. J. C. vations A.C.l. J. C. vations
---
I 10.2 1390 2050 2190 2090 1.47 1.58 1.50
2 10.3 2790 3030 2960 2860 1.09 1.06 1.03
3 10.3 4070 4380 .4120 4000 1.08 1. 01 .98
4 10.1 4800 4920 4770 4800 1.02 .99 1.00
5 10.2 5740 .5580 5280 5440 .97 .92 .95
6 14.2 2590 3370 3360 3280 1.30 1.30 1.27
6..1. 14.1 4130 '4380 4110 4020 1.06 1.00 .97
7 12.2 2950 3230 3250 3050 1.09 1.10 1.03
8 8.0 2760 3240 3190 3120 1.17 1.16 1.13
9 5.9 2900 3470 3380 3300 1.20 1.17 1.14
10 4.1 2820 2950 2890 2810 1.05 1. 03 1.00
10..1. 4.1 3810 4170 3980 3920 1.09 1.05 1.03
Table 7 shows the extreme fiber stress in the beams at maximum
load as computed by the parabolic formula, that is, the formula
in which r = 2. The values of n used in the computations were
the same as were used with the straight line formula. -The com-
pressive stresses were considerably less than those found for the
straight-line distribution, but for cylinder strengths from 1400
up to 4000 lb. per sq. in. they were greater than the cylinder
strengths. For higher cylinder strengths the computed stress in
the beam was approximately equal to the 'cylinder strength.
The beam-cylinder strength ratios plotted in Fig. 21 for para-
bolic distribution were found to follow approximately the same
trend for different strengths o~ concrete as for the straight-line
distribution. The effect of differences in the method of de-
terming n on the beam-cylinder strength ratio was found to be
negligible for the stresses computed by the parabolic" formula.
25. Effect of Depth of Beam on Beam-Cylinder Strength Ratio.
The beam-cylinder strength ratios give~ in. Tables 6 and 7, for
beams with different depths, and two strengths of concrete (2800
and 4000 lb. per sq. in.) have been plotted in Fig. 22: The results
for the concrete having a strength of 2800 lb. per sq. in. give some
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indication of a slight increase in thl:l ratio with increase in the
depth of the beams. However, a curve drawn so as best to fit the
points, indicates a higher beam-cylinder-strength ratio for the
10-in. depth than that given in Fig. 21 for the lO-in. beams made
with concrete having a strength of 2800 lb. per sq. in. This
throws some doubt upon the justification for concluding that
there was an increase in the beam-cylinder-strength ratio with an
increase in depth of beam. This doubt is emphasized by the
I
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FIG. 22-RELATION OF BEAM-CYLINDER STRENGTH RATIO TO
DEPTH OF BEAM
fact that the ratios for the 4000-lb. concrete showed no such
increase in the beam-cylinder-strength ratio with the increased
depth of the beam. From the data obtained, the most logical
deduction seems to be that the beam-cylinder-strength ratio was
independent of the depth of the beams.
26. Shearing and Diagonal Tension Stresses. Table 5 showsthe
shearing stresses in the beams developed at maximum load.
These shearing stresses were computed by the formula
v = 2~d where
v shearing stresses and
TV = total load on the beam
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The value of j used in this formula was computed from the
straight-line relation betw~en stresses and strains, and the value
of n was that found in the tests. On account of the fact that the
strengths of the' concrete were considerably higher than the
strengths assumed in' the design, the shearing stresses were
correspondingly higher. However, none of the lO-in. beams failed
because of high shearing stresses, nor were diagonal tension
cracksfound in any of these lO-in. beams. All of the beams having
a depth to the center of gravity of the longitudinal reinforcement
of 12 and 14 in. respectively, showed diagonal tension cracks in
the web at a load equal to, or less than the maximum. Only one
of these beams, however, failed in diagonal tension. This was the
one in which 11-in. stirrups were attached to the lower layer of
bars. The stirrups extended to about half way from the neutral
axis to the top of the beam, that is, to about 472 in. below the top
of the bearn. At the maximum load a crack extended nearly
horizontally at ahout the elevation of the upper ends of the
stirrups, indicating that the stirrups were too short to be fully
effective. Anticipating difficulties due to the shortness of these
stirrups the other two beams of the same group had the stirrups
attached to the upper, instead of. the lower, layer of longitudinal
bars and the upper and lower layers were connected by means of
spacers welded to both layers. This raised the tops of the
stirrups 1% in., or to within 2% in. of the top of the beam.
Although diagonal tension cracks were developed in these beams,
the heams did not fail in diagonal tension. These facts bring out
well the importance of extending the stirrups from the reinforce~
ment to as close ·to the compression surface of the beams as
possible. Evidently extending to a point half way between the
neutral axis and top of beam was inadequate; and extending 1%
in. higher was sufficient to prevent failure by diagonal tension,
but probably extending it still higher would have been better.
Fig. 11 is a photograph of Beam A of Group 6 which failed in ,
diagonal tension.
Only one of the beams, 8B, shallower than 10 in. (from com-
pression surface to center of gravity of steel) developed diagonal
cracks, and this one failed suddenly in diagonal tension as soon
as the diagonal cracks appeared. However, this beam carried
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approxiniately the same load as the average of the other two
beams of the same group. The average shearing stress for these
beams, 8A, 8B, and 8C, was about 280 lb. per sq. in. and the
shearing stress assumed in the design was 267 lb. per sq. in. After
the test, the concrete was cut away from around the inclined bar
and a- careful examination showed that there was no slipping of
the bar, the welding was still intact, and the steel showed no
scaling such as should be expected if it had been stressed beyond
the yield point. Fig. 12b shows the photograph of the beam with
the concrete chipped away to expose the inclined bar in the region
of failure.
The reinforcement for 'web ,stresses proved adequate for the
purpose of the tests. It was desired to develop compression failure
in all the beams. Even though the compressive strength of the
concrete and the shearing stresses in the beams at maximum load
were higher than the values for which the beams were designed,
only two beams failed by diagonal tension. Even in these cases
the loads carried were so close to those carried by the companion
specimens that the compressive stress in the concrete when failure
occurred must have been almost equal to the highest that could
have been developed.
27. Stresses in Reinforcement. In Fig. 23 the stress~s de-
termined from the strains observed at the level of the center of
gravity of the reinforcement are shown as ordinates, and the
stresses computed by the straight line formula using n as specified
by the American Concrete Institute's code, as abscissas. The
plotted points represent the results from this series of tests and
the solid straight lines are graphs of the equations given in the
figure. These equations represent closely the relation between
observed and computed stresses in an extensive series of tests
carried out by the United States Geological Survey under the
direction of Richard L. Humphrey about 25 years ago. On the
whole the observed stresses agree very well with the computed
stresses, rather more closely in fact than in those of the Geological
Survey tests previously mentioned. For the high percentage of
reinforcement used in these tests the straight line formula serves
with sufficient accuracy for design purposes for computing the
stresses in the reinforcement. It is not to be expected that agree-
ment between observed and computed stresses will be as close
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with low percentage of reinforcement. This is brought out very
well in the paper* formerly referred to.
As illustrated by the beams of group 1, Fig. 23, plotted as
triangles, the divergences of the observed stresses from the com-
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FIG. 23-RELATION BETWEEN OBSERVED STRESSES IN STEEL AND
STRESSES COMPUTED ACCORDING TO A. C. 1. SPECIFICATIONS
puted stresses was somewhat greater than for any of the other
beams. The concrete in these beams had a strength of only 1400
lb. per sq. in.,whereas the next highest strength was 2800 lb. per
sq. in. However, the amount of reinforcement was not much lower
for group 1 than for group 2. This disparity in the amount of
reinforcement and the strength of the concrete between this and
the other groups may account for a difference in relation between
observed and computed stresses. Nevertheless, the difference
has not been accounted for in detail. .
28. Stresses in Concrete. Fig. 24 shows the relation between
the so-called observed compressive stresses in the bearris and the
*H. M. Westcrgaald and W. A. Slater, "Moment and Stresses in Slabs." Proceedings,
American Concrete Institute, Vol. ]7, page 480,1921.
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FIG. 24-RELATION BETWEEN OBSERVED STRESSES IN, CONCRETE
AND STRESSES COMPUTED ACCORDING TO A. C. I.
SPECIFICATIONS
stresses computed by means of the straight line formula. The
value of n used in these computations was according to the
specification for the American Concrete Institute code. For the
strains observed at the extreme fiber of the beam at different
loads, corresponding stresses were taken' from the stress-strain
curve for the control cyltnders. These are the so-called observed
stresses for the beams and have been plotted as abscissas in Fig.
24. The ordinates in this figure are th.e computed stresses for the
same loads on the beams. The dotted line gives the condition
for equal computed and observed stresses. The stress-strain
curves do not go as high as the strength of the cylinders because
it was necessary to remove the measuring instruments before
failure of the cylinder, in order to avoid damage to the instru-
ment. The curves of the observed stresses therefore generally do
not extend as high as the cylinder strength. They go far enough,
however, to indicate that up to the stresses as high as the strength
of the cylinders there is a close agreement between the obser'ved
and the computed stresses. The indication is that in a beam at
the maximum load the compressive stresses are in agreement
with the stresses for corresponding strains in the cylinders up
to a height above the neutral axis at which the stress is approxi-
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FIG. 25-RELATJON BETWEEN'OBSERVED DEFLECTIONS OF BEAMS
AND DEFLECTIONS COMPUTED BY MANEY'S FORMULA
mately equal to the cylinder strength. For points above this
height the stresses in the beam are not known, but'computations
indicated that they must be somewhat greater than the cylinder
strengths in order to produce equilibrium between the internal
and external moments. This finding is in conformity with the
fact previously pointed out that the maximum stress found in the
prism tests was about 8 to 20 per cent greater than the cylinder
strengths for the same concrete. ' .
29. Dejlection. The average deflection for the different groups
of beams of the five different strengths included in the series in
which the size of the beams remained constant is shownin Fig. 25.
For comparison deflections computed from a formula proposed
by Prof. G. A. Maney* have also been shown. The solid curves
represent the observed deflections, while the dotted curves re-
present the deflections computed by means of Maney's formula.
Fig. 25 shows that a very good agreement exists between the
computed and the observed deflections. This indicates that an
intimate relation exists between the measured deformations of a
reinforced concrete beam and the deflections. The deflection of
reinforced concrete beams can therefore be computed as ac-
'G, ,A. Maney, "Relation between Deflection and Deformation in Reinforcd Concrete"
Beams," Proceedings of the American Society for Testing Materials, page 310,ge 114. '
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curately as can the deformations. It will also be noted from Fig.
25 that the total observed deflection near the maximum load was
practical~y equal for all the beams included in this series.
TABLE 8-0BSERVATIONS NEA.R MAXIMU,-r LOAn
~Jeasurementsat Last Observation
Maximum Computed
Group Load St.rains Strains in .id,
No. Lb. Load Lb. in Extreme Deflect,ion kl, In.
Steel Concrete In. In.
Fiber
------------------
1 32,520 30,000 .00116 .00206 .44 6.4 8.37
2 44,710 40,000 .00136 .00214 .48 6.6 8.36
3 63,300 55,000 ;00135 .00204 .46 6.1 8.25
4 74,830 70.000 .00145 .00250 .54 6.3 8.16
5 87,410 80.000 .00133 .00231 .51 6.4 8.14
In order for the deflections for all beams to be equal, Maney's
formula shows that the sum of the unit deformations in' the con-
crete and in the steel must be the same for all groups. Reference
to Fig. 23 shows that the observed stresses in the reinforcement
were approximately the same for all groups at maximum load,
except possibly group 1. Therefore, the deformations in the
concrete must also have been nearly the same at maximum load
for all groups. That this is approximately true may be seen
directly from Table 8.
If equality of the compressive strains and equality of the tensile
strains for all groups existed at the maximum loads the arm, jd,
of the resisting moment and therefore the value of j, must
have been nearly equal for all groups. This also is shown in
Table 8 to have been approximately tr.ue.· It will be seen from
the straight line formula for the position of the neutral axis,
k = -v2pn + (pn)2 - pn
that the value of k, and therefore the value of j, depends entirely
upon the product pn. In general, the value of p increased, and
the value of ndecreased as the strength of the:concrete increased,
maintaining the product pn nearly constant. The resulting
computed.value of j in these beams ranges only from .837 to .814.
This seems to. indicate that for design computations of stresses
in the reinforcement of concrete beams the value of j. migh£well
ue taken as constant regardless of the values of p and n.
42 JOURNAL OF THE AMERICAN CONCRETE INSTI~UTE-PrOceedings
, SUMMARY
30. Summary. (1) In the tests carried out for this investiga-
tion all the beams had a width of 8 in. and a span of 9 ft.' 6 in.
The loads were applied at approximately the one-third points of
the span.
(2) The percentage of longitudinal reinforcement varied from 2
to 6. This was sufficient to prevent any failures in tension in the
reinforceml:)nt. The web reinforcement was designed to prevent
failure in diagonal tension.
(3) Two series of tests were included. In one of them 5 different
,strengths of concrete were used, ranging from 1400 to 5800 lb. per
sq. in. as shown by the tests of the 6 by 12-in. control cylinders.
In this series the depth from the compression surface to the
center of gravity of the reinforcement was 10 in: In the other
series, varying depths were used, ranging from 4 to 14 in. In
this series two strengths of concrete were used, 2800 and 4000
lb. per sq. in. respectively. '
(4) In the mixes for 'all strengths in both series the fine and the
coarse aggregates were 40 per cent and 60 per cent respectively
of the total aggregates.' The water content' was maintained
constant at 40 gal. per cu. yd. of the resulting concrete. This
gave very nearly the same consistency for all. mixes.
(5) In these mixes the quantity of cement ranged from 3.6 to
7.7 sacks, per cu. yd. of concrete. The strength 9f the concrete in-
creased in almost direct proportion to the increase in the cement
content.
(6) A high degree of uniformity in the strength of the concrete
was secured. This is indicated by the fact that the average of
the maximum variations in the co~crete strength for the different
groups was only 6.4 per cent.' The corresponding average of the
maximum variations for the beams of the differ~nt'groupswas
8.2 per cent.·
(7) All beams, except two, failed in compression of the con-
crete close to the center of the span., The two exceptions noted
were beams .which failed in. diagonal tension.' However, even
these beams developed shearing stresses as high as those:for
which the. web reinforcement was designed and thC"beams were
close to failure by compression'. Thefailure by diagonal tension
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was due to the development of a higher compressive strength
than was anticipated in the design.
(8) The 8 by 8 by 12-in. prisms loaded at the edge of the'
middle third of the cross-section developed compressive stresses
about 20 per cent greater than the strength of the control cylinders
from the same mix.
(9) The compressive strength of the concrete in the beams as
computed by the straight line formula was about 25 per' ceIit
greater than the compressive stress developed in 8 by 8 by 12-in.
prisms loaded at the edge of the middle third of the cross-section.
(10)' The beaIll-cylinder strength ratio varied with the strength
of the concrete. Using the straight line .formula for computing
stresses in the beams the ratio varied from more than 2.0 to 1.4
.for concrete having a range in strength from 1400 to 5800 lb. per
sq. in. Using parabolic stress distribution the beam-cylinder
strength ratio varied from about 1.5 to .95 for concrete having a
range in strength from 1400 to 5800 lb. per sq. in. For .concrete
having a strength above 3000 lb. per sq. in. the ratio decreased
very little..
(11) Variations in the assumed values of n had a small effect
on the beam-cylinder strength ratio for computations made by
the straight line formula, and a smaller effect for computations
made by the parabolic formula.
(12) Variations in the depths of the beams showed some effect
on .the beam-cylinder strength ratio. However, this effect was
very small, and not entirely consistent. The data seemed to
justify the conclusion that the effect of variation in the depths on
the beam-cylinder strength ratio was negligible.
(13) The relations between strength of concrete determined
by beam tests and by cylinder tests, found in this investigation
confirmed in a general way the results reported by Emperger,
Graf and Bach, ~nd by Slater and Zipprodt.
(14) The observed stresses in the steel agreed fairly well with
the stresses computed by the straight line formula.
(15) A very close agreement was found to exist between the
observed compressive stresses in the concrete of the beams and
the stresses computed by the straight line formula up toa stress
equal to the strength of the control cylinders.. At the top of the
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beam the compressive stress seemed to be':Somewhat larger than
the cylinder strength. > t ; , .
(16) The deflections observed near the Il1aximum loads on beams
of ,different strengths but equal dimensions were found tobe neady
equal. The deflections observed at different loads agreed very
well with the deflections at the same loads c,omputed according
to Maney's formula from the observed deformations. > This is
consistent with the fact that the arm jd of the resisting moment
was found to be nearly constant for all the beams. .
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